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ABSTRACT: This research paper presents a flexible Galois Field Multiplier Accumulator Unit (MAC), which 

can be used as a computational block in a digital signal processor (DSP). The MAC unit can be used to perform the 

process of error detection through a parallel computation of the Cyclic Redundancy Checks (CRC). We propose a 

Galois Field MAC based algorithm in order to perform the parallel computation of an m-bit CRC by using the I bits 

of the message at a time, where i ≤ m. Handling less than m bits in the parallel enables a trade off by significantly 

reducing the hardware area and delay of the computational block. The MAC can also be used to perform the error 

correction process by employing the Reed Solomon Codes. It uses a sub word parallel architecture in order to 

optimize the performance of the CRC algorithm and the Reed Solomon encoding/decoding. Thus, it enables a 

programmable solution to a large variety of applications by employing the error control coding techniques in the 

communication and consumer electronics field. 

      Keywords: Finite Field Multiplier Accumulator Unit, Sub Word Parallel Architecture, Reed Solomon Codes. 

 

1. INTRODUCTION 
The Error Control Coding (ECC) techniques are widely used in order to prevent the degradation of 

the data quality in the storage devices and communication channels. The most popular error detection 

scheme employs the cyclic redundancy checks (CRC) [1]. Various forms of the CRC are employed in the 

communication and the consumer electronics arena. For example, a 16-bit CRC is employed in the MPEG 

audio standards, whereas a 32-bit CRC is employed in the Ethernet protocol. When the retransmission of 

the corrupted data is not possible, the error correction mechanisms are used. The Reed Solomon codes [2] 

are used for the forward error corrections in a large variety of the communication systems like the ADSL 

networks, cable modems, cellular phones, digital video broadcast and satellite communication. They are 

also used in the consumer electronics field in the CD-ROM and the DVD storage devices. Today, most of 

these error detection and correction applications are addressed by costly hardwired application specific 

circuits. Today’s fast deep submicron silicon technology has enabled the processors to address these 

applications. A programmable solution is particularly attractive as different systems require different code 

parameters. Also, more and more varying standards and modes are being supported within the same 

system. Further, a software solution enables the adaptive ECC, where the code parameters are varied from 

time to time, depending on the environment noise. Hence, there is a trend in order to support these 

applications through a general-purpose DSP’s. The Texas Instruments TMS320C64X DSP has special 

instructions in order to support the Galois field arithmetic for the Reed Solomon codes [2]. The Analog 

Devices Black fin family of the DSP’s supports a serial computation of the CRC’s [1] by using the 

dedicated bit wise XOR reduction and shift instructions instead of using general purpose DSP’s. In this 

research paper, we propose a Galois field MAC unit, which can be used in a DSP in order to provide 

programmable solutions to the various RS coder decoders (CODEC) as well as the parallel CRC 

computation [3]. 

 

2. REED SOLOMON CODES 
The Reed Solomon Codes are a subset of the Bose-Chaudhari Hocquenghem (BCH) codes[3] [4] 

and are the linear block codes. A Reed Solomon code is specified as the RS (n; k) with s bit symbols. This 

implies that for every k input symbols, n-k parity symbols are added to make an n symbol code word. 
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Such a code word is able to correct the errors in up to the t symbols, where 2t = n – k. An RS (255;239) 

code adds 16 parity symbols for every 239 input symbols in order to make 255 symbols overall of 8 bits 

each, and is able to correct the errors in 8 symbols. Figure 1 shows an example of a systemic RS code 

word. In a systematic code word, the input symbols are left unchanged and the parity symbols are 

appended to it. The noise in the transmission channel often introduces the errors in the code word. The 

Reed Solomon codes are particularly well suited to correct the burst error that is where a series of the bits 

in the codeword are received in the error. Let us say if r (x) is the received code word, we get 

 
r (x) = c (x) + e (x)                                                                                                                               Eqn. (1) 

 

where c (x) is the original code word and e (x) is the error which is introduced in the system. The 

aim of the decoder is to find e (x) and then subtract it from r (x) in order to recover the original code word 

which is transmitted. It should be added that there are two aspects of the decoding error detection and 

error correction. In the RS code, the error can only be corrected if there are at the most t errors. More than 

t errors may be detected, but it is not possible to correct them. 

 
Figure 1. Example of a Systematic RS Code Word 

 
                                   Source: https://upload.wikimedia.org/wikipedia/commons/thumb/c/c7/BlockCont.png/500px-BlockCont.png   

 

3. FINITE FIELD FUNDAMENTALS 
A finite field (2)

 m 
GF contains the necessary elements. It is an extension field of GF (2)

 m
, which 

has the elements zero and one [5]. All the finite fields contain a zero element, a unit element, a primitive 

element and have at least one primitive irreducible polynomial.  

 
P (x) = x

m
 + pm – 1 x

m – 1 
+……………………+ p1 x + p0                                                                 Eqn. (2) 

 

Over the GF (2) which is associated with it. The primitive element generates all the non-zero 

elements of the GF and is a root of the primitive polynomial. The non-zero elements of the GF can be 

represented in two forms, the exponential from and the polynomial form. In the exponential form, they are 

represented as the powers of the primitive element, that is, 

 

GF (2) = {0, α
0
, α

1
… α

2m – 2
}                                                                                                            Eqn. (3) 

 

The LSB of the multiplier B, as shown or the MSB first scheme where the multiplication starts with 

the MSB of the multiplier B. In the LSB first implementation, the basic cell of the kth column (1 ≤ K ≤ m) 

 

3.1. LSB First Multiplication Algorithm 
 

[1]  Initially, A
 (0)

 = A AND W
 (0)

 = 0 
 

[2]  Each basic cell at step k (1 ≤ k ≤ m – 1) compute 

 

Ai
 (k)

 = {ai – 1(
k – 1) 

+ am – 1
(k – 1) 

pi, 1 ≤ k ≤ m – 1 

             Am – 1
(k – 1)

 p0; i = 0}                                                                                                             Eqn. (4) 

 

Wi
 (k)

 = ai
 (k – 1) 

bk – 1 + wi
 (k – 1) 

                                                                                                           Eqn. (5) 

 

[3] The basic cells are at the step k – m compute 

 

Wi
 (m)

 = ai
 (m – 1) 

bk – 1 + wi
 (k – 1)

                                                                                                          Eqn. (6) 

 

Finally, the product is equal to W
 (m)

 

https://upload.wikimedia.org/wikipedia/commons/thumb/c/c7/BlockCont.png/500px-BlockCont.png
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4. THE GALOIS FIELD MULTIPLIER ACCUMULATOR UNIT 
As seen earlier, the RS codes require (m bit × m bit) multiplication where 1 < m ≤ 8 [5] but the 

CRC also requires up to 32-bit multipliers. However, as shown earlier the CRC computation can be 

achieved by (m bit × m bit) multiplication where I < m. Hence, an array of size (32 bit × 8 bit) can support 

both the applications. Further for the SWP in a 32-bit DSP, the registers need to be manipulated as a quad 

8-bit fields. This is typically possible in the state-of-the-art multimedia processors. In order to optimize 

the supports the following modes in the GF (2
m
), the algorithm which needs to be implemented is given as 

follows: 

 

vi
(k)

 = vi - 1
(k – 1)

 + vm – 1
(k – 1)

 pi                                                                                                         Eqn. (7) 

wi 
(k) 

= vi
 (k – 1) 

bk – 1 + wi
 (k – 1) 

                                                                                                          Eqn. (8) 

 

The output for the above algorithm is given as follows: 

 

The output for the MAC unit is calculated by using the LSB First Unit Multiplication algorithm 

which is given as follows: 

 

[1] The I & K will have the value (0 ≤ i ≤ m – 1) and K (1 ≤ k ≤ m) 

 

[2] So the V (0) = A, B (0) = B, P (0) = P, W (0) = C 

 

vi
 (k) 

= vi – 1
(k- 1) 

+ vm – 1
(k – 1) 

pi                                                                                                           Eqn. (9) 

wi
(k)

 = vi
 (k – 1) 

bk – 1 + wi
 (k – 1) 

                                                                                                          Eqn. (10) 

 

The result for the LSB First Unit Multiplication algorithm is given as follows: 

 
Figure 2. The MAC Unit for m < 4 

 
                 Source: https://ai2-s2-public.s3.amazonaws.com/figures/2017-08-08/b19a258c04974a259ce599d4a3d91e526fcd382f/3-Figure4-1.png   

 
Table 1. Output of the Intermediate Signals which are calculated by using the  

Algorithm which is stated in Section 2. 

A B C PP From Algorithm From the Design 

0011 1111 0111 0011 1011 1011 

0101 0101 1011 0101 0001 0001 

            Source: https://upload.wikimedia.org/wikipedia/commons/thumb/9/9f/Block-diagram_Signal-flow_graph.svg/330px-Block-diagram_Signal-flow_graph.svg.png   

  

 

 

 

 

 

 

 

 

 

 

 

 

https://ai2-s2-public.s3.amazonaws.com/figures/2017-08-08/b19a258c04974a259ce599d4a3d91e526fcd382f/3-Figure4-1.png
https://upload.wikimedia.org/wikipedia/commons/thumb/9/9f/Block-diagram_Signal-flow_graph.svg/330px-Block-diagram_Signal-flow_graph.svg.png
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Figure 3.Output of the LSB First Unit Multiplication Algorithm 

 
                   Source:  http://www.elec.canterbury.ac.nz/intranet/courses/435/bim/spec_files/image001.gif  

 

Figure 4. Output of the LSB First Unit Multiplication Algorithm 

 
              Source: https://encrypted-tbn0.gstatic.com/images?q=tbn:ANd9GcR5BWGzCDy-Vv7ww0YA2Tpk4zprA4L4LfOi0yynK49jVI-fTJfcTw  

  

4.1. Pre-Shift 
The input operands A (x); B (x); C (x); P (x) and the output operand Y (x) are all stored in the 32-bit 

registers. The multiplier array is of the form (32 bit × 8 bit) [2]. The 32-bit multiplier A (x) is directly fed 

to the multiplier unit. Since B (x) is of 32 bits, but the array only handles 8 bits, the appropriate bytes are 

chosen from B (x) for the process of multiplication. The sub word parallelism in the various modes of the 

multiplication, that is, quad, dual and single multiplication. P (x) is stored in a register which is occupying 

m bits. The coefficient for x
m,

 which is always unity, is not stored. In the preshifter stage, A (x) and P (x) 

are left justified to the nearest byte boundary, in order to generate A’ (x) and P’ (x) respectively. For 

example, if m = 14, they are left shifted by 2-bit positions, in order to align with the 16-bit boundary. We 

will be performing the addition at the end in order to save the silicon area of further preshift of the 

summand. The multiplier structure automatically configures itself which is based on the field dimension 

m. 

 

A’ (x) = A (x) x
 (32- m) mod 8

                                                                                                               Eqn. (11)
 
 

P0 (x) = P (x) x
 (32- m) mod 8

                                                                                                                 Eqn. (12)
 

 

Further the contents of B (x) and P0 (x) are chosen appropriately, depending on m. For this purpose, 

we divide them into groups of 8 bits as follows: 
 

http://www.elec.canterbury.ac.nz/intranet/courses/435/bim/spec_files/image001.gif
https://encrypted-tbn0.gstatic.com/images?q=tbn:ANd9GcR5BWGzCDy-Vv7ww0YA2Tpk4zprA4L4LfOi0yynK49jVI-fTJfcTw
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B (x) = (b31 x
31 

+------ = b24 x
24)

 + (b23 x
23 

+---------- + b16 x
16)

 + (b15 x
15 

+------------ + b8 x
8)

 + (b7 x
7 
+--------- 

+ b0) 

= B3 (x) + B2 (x) + B1 (x) + B0 (x)                                                                                                   Eqn. (13) 

Similarly, 

P’ (x) = P’3 (x) + P’2 (x) + P’1 (x) + P’0 (x)                                                                                     Eqn. (14) 

Now, let us define four control variables depending on m. 

Δ0 = 1; if 1 < m ≤ 8 δ1 = 1; if 8 < m ≤ 16 = 0; otherwise; = 0; otherwise 

Δ2 = 1; if 16 < m ≤ 24 δ3 = 1; if 24 < m = 32 

= 0; otherwise; = 0; otherwise; 

Then, the contents of B (x) and P’ (x) are shown as follows: 

B’ (x) = δ3 [B0 (x) x
24 

+ B0 (x) x
16 

+ B0 (x) x
8 

+ B0 (x)] + δ2 [B0 (x) x
16 

+ B0 (x) x
8 

+ B0 (x)] + δ1 [B2 (x) x
8 
+ 

B2 (x) + B0 (x) x
8 
+ B0 (x)] + δ0 B (x)                                                                                                Eqn. (15) 

p
’’ 

(x) = δ0 [P
’
0 (x) x24 + P

’
0 (x) x

16 
+ P

’
0 (x) x8 + P

’
0 (x)] + δ1 [P

’
1 (x) x16 + P

’
0 (x) x16 + P

’
1 (x) + P

’
0 (x)] + δ2 P

’ 

(x) + δ3 p (x)                                                                                                                                     Eqn. (16) 

The outputs of the pre-shifter sub block are A
’ 
(x); B

’ 
(x) and P

’’ 
(x) is shown in Figure 5. These are 

then passed onto the LSB First Multiplier array of size (32 bit × 8 bit). The results for the pre-shifter 

which is being implemented by using the Barrel shifter is given as follows: 

 
Figure 5. Output of the Pre-Shifter by using Barrel Shifter 

 
                 Source: https://4.bp.blogspot.com/-xqSVwrYnhr4/V4mx_2e8bsI/AAAAAAAABTE/_CQs9jYxv0A3JKE88BGRzb8vNzMIBZHJACLcB/s1600/multifunction-

barrel-shifter-left-right.PNG  

 

4.2. Multiplier Array Stage 
In the multiplier array stage [1], the inputs A

’ 
(x) and B

’ 
(x) are multiplied according to the field 

parameters m and P
’’ 

(x). We selected the LSB First Array Multiplier as our basic multiplier structure, 

because we wanted to exploit the regularity of the array structure. The computation steps in the LSB First 

Multiplication can be described by the two intermediate polynomials viz. V (x) and W (x) of degree (m – 

1). In the k
th
 iteration for 1 ≤ k ≤ m, i Є {0, 1… m – 1} and the following computations are performed in 

parallel: 
 

vi
 (k) 

= vi – 1
(k – 1) 

+ vm – 1
(k – 1) 

pi                                                                                                             Eqn. (17)  

https://4.bp.blogspot.com/-xqSVwrYnhr4/V4mx_2e8bsI/AAAAAAAABTE/_CQs9jYxv0A3JKE88BGRzb8vNzMIBZHJACLcB/s1600/multifunction-barrel-shifter-left-right.PNG
https://4.bp.blogspot.com/-xqSVwrYnhr4/V4mx_2e8bsI/AAAAAAAABTE/_CQs9jYxv0A3JKE88BGRzb8vNzMIBZHJACLcB/s1600/multifunction-barrel-shifter-left-right.PNG
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wi
(k) 

= vi
 (k – 1) 

bk – 1 + wi
 (k – 1)

                                                                                                               Eqn. (18)
 

 

Here, V (0) = A and v – 1 = 0. This process is repeated form iterations in order to compute the final 

product which is given by W
 (m). 

By computing V
 (m) 

is unnecessary. The multiplier can be easily converted 

to a multiply and accumulate Y = A.B + C, by making W
 (0) 

= C. Figure 2 shows a GF (2
4)

 LSB First MAC 

structure. The computation stage or the iteration number is denoted by k, ranging from 1 to 8. The initial 

values for the inputs to the array are given by the following relation: 

 

v
 (0) 

= A
’ 
B

 (0) 
= B

’ 
P

 (0) 
= P

’’, 
W (0)

 
= 0 

Equation (5) is modified by introducing the two new polynomials u (x) and l (x). Then, for all bit 

positions i Є {0, 1… 31}, and for all the iterations 1 ≤ k ≤ 8,  

 
vi

 (k) 
= li v

 (k – 1)
 I – 1 + ui

 (k – 1) 
pi                                                                                                             Eqn. (19)   

where, 

ui
(k) 

= δ3 v
(k)

31 + δ2 v
(k)

23 + δ1 v15
(k) 

+ δ0 v7
(k),

 0 ≤ i ≤ 7  

= δ3 v31
 (k) 

+ δ2 v23
 (k) 

+ (δ1 + δ0) v15
 (k),

 8 ≤ i ≤ 15 

= (δ3 + δ1) v31
 (k) 

+ (δ2 + δ0) v23
 (k),

 16 ≤ i ≤ 23 
 
 

= v31
 (k),

 24 ≤ i ≤ 31                                                                                                                          Eqn. (20) 

and, li = δ3 + δ2 + δ1, I =8 

= δ3 + δ2, I = 16 

= δ3 + δ1, I = 24 

= 1, otherwise                                                                                                                                  Eqn. (21) 

As before, v – 1 = 0. Also, the Equation (2) remains unaltered except for the change due to the data 

packing in B. For the iteration k ranging from 1 to 8, 

 

wi
(k) 

= vi
(k – 1) 

bk – 1 + wi
(k – 1) 

; such that i Є{0, ………………., 7}                                                   Eqn. (22) 

wi
(k) 

= vi
 (k – 1) 

bk + 7 + wi
 (k – 1);

 such that i Є {8……………., 15}                                                      Eqn. (23) 

wi
(k) 

= vi
 (k – 1) 

bk + 15 + wi
 (k – 1),

 such that i Є {16, ……………., 23}                                                 Eqn. (24) 

wi
(k) 

= vi
 (k – 1) 

bk + 23 + wi
 (k – 1),

 such that i Є {24, ……………..., 31}                                               Eqn. (25) 

 

The product Y
’
(x) = A

’ 
(x). B

’ 
(x) is given by W

 (8).
 It can be thought of as an array of (32 bit × 8 

bit). The output for a multiplier array is shown in Figure 6 and the comparison is shown in Table 2. 

 
Table 2. Output for the Multiplier Array and its Comparison 

A P B From the 

Algorithm 

From the Design 

111111 1111000 1111111 000000000 00000000 

110000 0111100 1111111 000000000 00000000 

000011 0011110 1100000 010101000 00010101 

111111 0001111 0000000 00000 00000000 

000000 0000 0000 - - 

00 - - - - 

 Source: https://www.ntu.edu.sg/home/ehchua/programming/java/images/Flowchart_NestedForLoop.png  

 

 

https://www.ntu.edu.sg/home/ehchua/programming/java/images/Flowchart_NestedForLoop.png
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Figure 6. Output of the Multiplier Array 

 
                  Source: https://slideplayer.com/slide/9924692/32/images/11/ARRAY+MULTIPLIER+4-BIT+X+3-BIT.jpg  

 

4.3. Post Shifter and Adder Block 
The last sub block in the MAC unit is the post shifter and adder [4]. The shift is performed to the 

right shift the product back to right justified packed format. After the right shift, the summand C (x) is 

added in order to give the final MAC result. 

 
Y (x) = Y’ (x) x

 (m – 32) mod 8
 + C (x)                                                                                                  Eqn. (26) 

 

The block diagram of the MAC unit is as shown in Figure 7. The output for the post shifter is as shown in 

Figure 8. 

 
Figure 6. Block Diagram of a MAC Unit

 
                                   Source: https://upload.wikimedia.org/wikipedia/commons/thumb/f/f5/OR1200_cpu.png/220px-OR1200_cpu.png     

 

 

 

 

 

 

 

 

https://slideplayer.com/slide/9924692/32/images/11/ARRAY+MULTIPLIER+4-BIT+X+3-BIT.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/f/f5/OR1200_cpu.png/220px-OR1200_cpu.png
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Figure 7. Output of the Post Shifter 

 
                  Source: https://4.bp.blogspot.com/-xqSVwrYnhr4/V4mx_2e8bsI/AAAAAAAABTE/_CQs9jYxv0A3JKE88BGRzb8vNzMIBZHJACLcB/s1600/multifunction-barrel-shifter-left-right.PNG  

  

5. IMPLEMENTATION 
The Galois Field MAC unit is implemented in the synthesizable HDL. For example, in order to 

denote a field dimension m, the user programs a register with the value m – 1. Then, ((32-m) mod 8) is 

simply the complement of the last three bits of the register. This reduces the complexity of the shifter 

design. 
 

6. CONCLUSION 
In this research paper, we presented a novel concept of a 32 bit × 8 bit) array which is based on the 

Galois Field MAC Unit for the DSP’s by providing the error control solutions in the convergent systems. 

It can be used to realize the software solutions to byte-wise parallel CRC and the Reed Solomon 

encoding/decoding. A fast-parallel CRC computation algorithm has been proposed in order to take the 

advantage of the MAC structure. 
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